Abstract In this paper a new linearization procedure based on Homotopy Perturbation Method (HPM) will be presented. The procedure begins with solving nonlinear differential equation by HPM. This will be done by evaluation of the time response of a nonlinear dynamic. An equivalent Laplace transform of the time response will be obtained. In the preceding, the effect of an external excitation i.e. input, will be removed from the model to find an approximate linear model for the nonlinear dynamic. The effectiveness of the procedure is verified using a heat transfer nonlinear equation. Ultimately, both HPM based linear model and that of nonlinear have been controlled via a closed loop PID controller. The simulation result shows the significance of the proposed technique.
Introduction
System is usually represented by a (set of) differential equation. To model the whole process, a complex and almost nonlinear differential equation is inevitable. The nonlinear dynamic has to be solved to find out the actual behavior in different circumstances. An analytical solution or a direct answer is usually difficult to find. Therefore an approximation approaches such as (HPM, HAM and VIM) might be of alternatives [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
In the last two decades with the rapid development of researches toward analyzing nonlinear dynamics, there has been an ever-increasing interest of scientists and engineers in analytical techniques to solve nonlinear problems. The widely applied techniques (i.e. perturbation method) are of great interest to be used in control systems [18, 19] . To eliminate the limitation of "small parameter", which is assumed in the perturbation method, a new technique based on the homotopy terminology [5, 6] has been proposed. Accordingly, a nonlinear problem is transformed into an infinite number of simple problems without using the perturbation technique. Effectively, letting the small parameter float and converge to the unity, the problem will be converted into a special perturbation problem with a small embedding parameter. Therefore the method receives the name, Homotopy Perturbation Method (HPM). The effectiveness of the new technique is presented in [12, 20] . This approach can take full advantage of the traditional perturbation technique and Homotopy analysis method. The new scheme has been applied to linear and nonlinear ordinary and partial differential equations.
In this paper a step input is applied to a nonlinear heat transfer dynamic. The time response will be achieved using Homotopy Perturbation Method (HPM). The provided linear solution is transformed to a transfer function. Therefore a linear model is yielded based on HPM. The accuracy of the model will be undergoing to a verification procedure. The significance of the model is compared with the actual response of the nonlinear heat dynamic at the same circumstances. In the following a similar PID controller is applied to both dynamic which resulted with no more error.
Basic idea of Homotopy Perturbation Method
Let us introduce HPM via following nonlinear differential equation:
Subjected to boundary conditions:
where A(x) is a general differential operator, B(., .) is a boundary operator, x is known as analytic and n dimensional function (here, state) and u is an m dimensional input (independent variable). The differential part A(x) can generally be divided into two linear L(x), and nonlinear N(x), parts. Equation (1) can therefore be rewritten as:
A homotopy statement H (v, p) using an auxiliary variable v(u, p) with p ∈ [0, 1] will be defined as:
p is called the homotopy parameter. As p equals 0.0, (4) is being completely linear whilst p equals to 1.0 the linear part in (4) completely vanishes and (4) will become the same as (1) . With a simple manipulation, (4) is reduced to the following equation:
The initial guess x 0 needs to be a good initial approximation for the solution of (1). However, in the system area it is a property of the system and can be meaningfully found. An intelligent way to estimate x 0 is to assume it as the steady state value. However, it can be computed in advance if the whole system is stable. The solution of (4) may be expressed in terms of an infinite series as:
Replacing (6) in (5) and rearranging the resultant in terms of ascending powers of p, an infinite number of differential equations in terms of v, will be achieved. An extra attention should be taken into account to avoid the secular terms to produce boundedness [13] . This set of almost simpler differential equation is then solved using such proper initial conditions. Finally, an approximate solution of (1) can be written as:
The convergence of HPM is discussed in [7, 10, 14] . Due to practical restrictions, a shorter term of v i , i = 0, 1, 2, . . . is of interest. This affects the accuracy of the solution, which in return produces some error. The result in (7) will be treated as a core to find a linear model for the nonlinear model.
HPM based linearized model for nonlinear heat transfer equation
In this section a HPM based linearization procedure will be given. The nonlinear heat transfer equation will be solved in time domain using HPM. Thereafter Laplace transform and some other technique will be used. The procedure will be expressed here.
Cooling of a lumped system with variable specific heat
The heat temperature of a ball with the specification in Table 1 , at an initial temperature of T I is of interest. Due to low temperature the effect of radiation is not considered. The thermal dynamic is introduced here as [15] [16] [17] :
where T a is the ambient temperature and h is the convection constant. At this dynamic the specific heat c is nonlinear. The variation can also be interpreted as:
Equation (9) is substituted in (8) and accordingly simplified. In terms of defined constant parameters, it can be written in (10) as:
where constants parameters are evaluated at the ambient temperature as:
As it can be seen the dynamic is nonlinear. However the dynamic is excited by two terms of; an external forced temperature (i.e. external input, T I ) and initial condition. Therefore their effects will be spotted independently. Of course, it is of known that the superposition principle is not valid for nonlinear system. Since the objective is to find a best fit linear model of the nonlinear dynamic in (10), the separation is assumed valid. Consequently the dynamic response is evaluated, considering two different circumstances of:
I. Zero input response (under excitation of the initial condition) II. Zero state response (under excitation of the external input).
Ultimately, the complete approximated response will be super positioned.
I. Zero input response: Equation (10) is again considered in presence of an initial condition.Ṫ
where T zi stands for the zero input response of the heat transfer equation. To gain the effectiveness of HPM, the linear and nonlinear parts are underlined respectively. Accordingly the Homotopy statement will be established as:
An initial approximation of T 0 = 0 is chosen such that the equation satisfies the steady state requirement. Considering v = p 0 v 0 + p 1 v 1 + p 2 v 2 + · · · incorporating the perturbation value in (12) yields as:
Rearranging the equation in terms of ascending power of p achieves the following equations: 
These ordinary equations are then solved. To verify the effect of the series truncation in (7), a 2nd and 3rd order approximation for v are chosen as:
Therefore they are obtained as: The appropriate responses are plotted together with the numerical in Fig. 1 .
During the transient time the approximation error is seen small but approaching to zero in the steady state. Furthermore the 3rd order approximation provides a better result. However both results are satisfactory and convincing.
II. Zero state equivalent: The second option is to find the effect of an independent input to the nonlinear system. At this stage the states are initially at rest. A step input is imposed to nonlinear differential equation. Equation (10) is again written assuming the relaxation under excitation of the input.
where T i stands for the zero state equivalent response. For ease of reference, the linear nonlinear and input are respectively spotted in the equation. Accordingly the Homotopy statement is established as:
The optional input is chosen as a step function of T a = 300 K. The steady state is also chosen as the initial approximation by T 0 = 300 K. The same procedure yields the following equation:
The equation will be rearranged to the following equations:
A 2nd order approximation of v is chosen. Consequently it approaches to the following equation when p approaches to unity.
T i = 300 − 300e The result is plotted in Fig. 2 . The response with respect to the actual one confirms the quality and significance of 2nd order HPM based solution.
Since HPM provides a linear solution for the nonlinear dynamic, the provided responses from two different cases of I and II are summed up linearly. This constructs the complete HPM based linearized solution for the nonlinear system. Fig. 2 Step response of an HPM based solution and the numerical one
= 300 − 300e The complete solution is plotted in Fig. 3 . The performance of the proposed method can be seen during the transient and also in the steady state. Meanwhile the 3rd order approximation provides better result with respect to the 2nd order. It is of hoped to achieve to a better linearized dynamic by considering the higher order terms.
Deriving the equivalent transfer function of HPM based model
So far the step response of HPM solution is found satisfactory with respect to the actual behavior. This means HPM provides an alternative good fit model for the nonlinear dynamic of course in time domain. The objective is to show how HPM produces a linearization procedure for nonlinear systems. On the other hand an HPM The model is also considered under these two circumstances. The procedure is graphically shown in Fig. 4 .
The procedure consists of two parts of zero state G i (s), and zero input transfer G zi (s), functions equivalents of the heat transfer dynamic in (8) . Accordingly their relevant responses are shown by T i (s) and T zi respectively here as:
T zi3rd (s) = 1200(s 3 + 0.234s 2 + 0.0163s + 4.167 × 10 −4 ) (s + 0.0222)(s + 0.0444)(s + 0.0666)(s + 0.0888) ,
where T zi2nd (s) and T zi3nd (s) are the Laplace transform of approximated 2nd and 3rd order HPM based zero input responses respectively. The HPM based model (27) will be derived by dividing it to the input (step) Laplace transform. This takes the roll of input from the input Laplace transforms. 
Simulation results
At this section the performance of the linearized thermal model will be investigated. More precisely different kinds of input are applied to the derived model. The outcome will be compared with the numerical solution. The relevant error in presence of variety inputs is shown in Table 1 . The approximation is found satisfactory whilst small amount of error confirms the accuracy. To show the significance of the provided model it is also excited by a pseudo random sequence according to Fig. 5a . The mean and variance of the random input are 300 K and 100 K, respectively. The appropriate response is shown in Fig. 5b . Furthermore the validity and quality of the proposed method will also be verified by some other process cases. This will be achieved when the provided model is used in a simple closed loop control system.
A classical closed loop control
To verify the accuracy of the linearized model it is gone under another classical test. It is assumed inside a temperature control loop with a negative unity feedback gain as shown in Fig. 6a . The result will instantaneously be compared with the actual response of nonlinear dynamic. A unit step input as an independent input together with an external excitation of initial condition is applied to those systems. The response of 2nd and 3rd order approximated model is also derived and compared with the numerical one in Fig. 6b . In essence, the 2nd and 3rd order model behaves similar. The error is 0.16% and 0.057% respectively which is almost negligible. This certifies the quality and validity of the proposed HPM based linearization technique. The significance of the model will be more verified whilst it is used in a PID control loop according to Fig. 7 . The system is only excited by the same initial condition. The response in presence of PID controller (with the Coefficients in Table 3 in the Appendix) is shown in Fig. 8 together with the actual numerical one. Meanwhile, the error between 2nd and 3rd order linearized model is also shown in Table 2 .
Conclusion
In this paper a new linearization of nonlinear dynamic is proposed. This technique is based on Homotopy Perturbation Method and has been examined on the heat transfer nonlinear differential equation. The model was interpreted in such simple terms of 2nd and 3rd order approximation. The quality of the proposed technique is shown when it is used in a classic control system. The significance of the method is also distinguished when a PID controller adjusts the transient behavior of both the actual and estimated models.
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